This paper investigates the point source response in a medium bounded by two semi-infinite impedance layers. A numerical method to evaluate the internal reflection based on the Laplace transform of the reflection coefficient for each boundary is presented. A description of the branch integral contributing to the reflection coefficient in Laplace domain for single and multiple reflections is given. The analysis utilizes the method of images to model the reflections and to compute the complex pressure amplitude at each image source location.
INTRODUCTION
The closed form solution of impulse response of locally and extended reacting surfaces for rigid and porous medium has been investigated [1] , [2] . The Sommerfeld's integral [3] can be referred in the context for evaluating the total field when a source is located above a semi-infinite reflecting planar ground. The approximated integral solution is obtained by Rudnick [4] for semi-infinite rigid and porous medium as an infinite complex integral. Integral transformation of the reflection coefficient in Laplace domain by Lindell and Alanen for magnetic [5] and electric dipole above a ground plane [6] can further be improved and simplified for single and multiple reflections in detail.
To model the reflections of a point source pressure from enclosed lossy boundaries, the method of images has been implemented to render the total pressure as the sum of simple sources. Allen and Berkley [7] reconstructed the impulse response of a closed room by implementing image sources of varying strength and location. The work presented in this paper focuses on formulating the reflected pressure amplitude when incident pressure undergoes multiple reflections. The development of the solution demonstrates the formulation of the inverse spatial Laplace transform of the reflection coefficient by modifying the plane wave reflection coefficient.
PROBLEM STATEMENT
The two semi-infinite media have different densities ρ 1 , ρ 2 and are separated by the middle layer ρ 0 . The speed of sound in three media is c 0 ,c 1 ,c 2 . A point source Fig.  (1) . R 1 and R 2 are the reflection coefficients when the middle layer interacts with two mediums, respectively. The alternate index ∈ [0, 1, 2....) represents the reflection order.
When the spherical wave generated by the point source hits the boundary of the closer wall some of the energy is absorbed and some is reflected. The reflected wave undergoes multiple reflection from the other wall. The total reflected pressure from the two walls is evaluated by utilizing geometrically constructed image sources where the image sources satisfy the boundary conditions of the walls. The pressure φ and normal velocity 1 ρ 0 ∂φ ∂y on the surface of the walls are continuous, and given as
Based on the boundary conditions given by Eqn.(1) for the three layered medium, the exact solution for the inhomogeneous Helmholtz equation is the point of interest.
where k 0 is the wavenumber in the host medium and X is the observation position in the Cartesian coordinates.
FORMULATION OF REFLECTED PRESSURE
The expression of the total reflected pressure can be obtained by the superposition of evaluated pressure due to each reflection from the two walls. The image source positions for modeling the reflections will be utilized. This section formulates the expression for pressure at one image source.
The complex pressure amplitude is given in Eqn. (3) evaluated from the reflection coefficient, in terms of its spatial Fourier transform. It represents the pressure amplitude when the incident pressure undergoes single reflection.
where 
S is the inverse spatial Laplace transform of the reflection coefficient given in Eqn. (4) . Therefore, the complex pressure amplitude at each image location can be evaluated as Eq. (5) in terms of the spatial Laplace transform of the reflection coefficient such that
where
INVERSE LAPLACE TRANSFORM
The reflection properties of a locally and extended reacting surface formed by the interaction of two mediums of different densities also change as a function of frequency. In this section, the inverse spatial Laplace transform of the reflection coefficient for single reflection is evaluated from the plane wave reflection coefficient where the impedance of the boundary Z m is independent of frequency. Acoustic Snell's law is utilized to represent the reflection coefficient of the boundaries in Eqn. 
, simplifies Eqn. (7) in terms of its asymptotic expression for limit k → ∞. The remaining terms for the reflection coefficient can be represented as
The aforementioned simplified expression of reflection coefficient can be inverted in the Laplace domain by inverting Eqn. (4) . In order to evaluate the inversion, the complex contour integration is considered. The function has poles atk = ±γ m . The contour shown in Fig. (2) is closed towards the left side of thek-plane to achieve required convergence. The second term of the expression is a double valued function due the integrand with real radical, k2 +α 2 m . As a result, Taylor's series expansion of the numerator of the integrand about the polesk =γ m andk = −γ m given in Eqn.(9) yields lower and higher order derivative terms contributing to pole-zero cancellation [8] .
(9) In this case, the series about the polek = −γ m is chosen as it is enclosed by the desired contour. The pole-zero cancellation due to the series representation of the numerator yields an analytic integrand for the inverse Laplace operation. The double valued function has a branch cut from −iα m to +iα m with branch points ±iα m shown in Fig.(2) . The inversion of the first term will result a δ(p) function. Therefore, for |ĉ m | < 1, real valuedα m andĉ m , inverse Laplace transform of given reflection coefficient can be expressed as
MULTIPLE REFLECTIONS
When incident pressure undergoes multiple reflections, the reflection coefficient about each boundary compounds following the number of reflections. It can be represented as the product of the reflection coefficients R 1 and R 2 about y = L and y = 0 boundary, respectively. The reflection order N = (N 1 , N 2 ) of the two boundaries will be referred to evaluate the compounded reflection coefficient.
The reflection order of the boundaries is accounted on the basis of reflection index n = [0, ∞). where n = 0 represents source index.
where λ n = −(−1) n n 2 and u(±λ n ) represents the unit step function. The y−axis is transverse to the boundaries. Consequently, the image source positions will be located on y− axis. The position of the image sources X i is a function of the height of the middle layer L and the source position X 0 . It is evaluated based on λ n .
Inverse spatial Laplace transform of each of the reflection coefficient, modeled by the image source position, can be convolved together to evaluate the Laplace transform of the compounded reflection coefficient. This formulation requires greater computational efforts.
In this section, the expression given in Eqn. (10) is utilized to evaluate the inverse Laplace transform of the reflection coefficient due to multiple reflections from the two boundaries. The modified reflection coefficient which contributes to the inversion of Laplace transform can be expressed as a combination of terms resulting a Delta function and a branch integral. Using this information, the compounded reflection coefficient is represented as
where The corresponding branch points of the resulting expression are ±α 1 and ±α 2 . The expression in Eqn. (14) is evaluated by binomial expansion. The expanded series can be represented as even and odd powers of k2 +α 2 m . The product of the individual terms given in Eqn.(14) can be expressed as
f 1e , f 1o and f 2e , f 2o are even and odd power terms of R 1 and R 2 , respectively. The expanded series for order N 1 and N 2 can be obtained as
The product in the first term of Eqn.(16) includes the constant term independent ofk, obtained from Eqn. (17) for l = 0 and its inverse Laplace transform will result a Delta function. The remaining even power terms will be analytic ink-plane and its Laplace inverse transform will be zero. Therefore, only the odd powers of the individual reflection coefficients will contribute to the inverse Laplace transform. The terms in Eqn. (16) consisting f 1o and f 2o will yield the branch cuts and therefore, can be represented as
where S 0 =
For each image source location the inverse Laplace transform is evaluated by utilizing Eqn.(18). The superimposed inverse transforms can be substituted in Eqn.(4) to evaluate the compounded reflected pressure due to n + 1 reflections which also includes the source pressure.
RESULTS
The reflection coefficient is numerically evaluated and is compared to Fresnel's reflection coefficient as a function of k 0 for multiple reflection to validate the solution obtained in previous section. The number of images are computed based on the chosen time samples and height of the middle layer.
The result is shown in Fig.(3) 
SUMMARY AND CONCLUSION
Fresnel's reflection coefficient can be referred when the height of layer containing the source and observation position is relatively large. In this work, the plane wave reflection coefficient is utilized to obtain an exact solution for reflected pressure in a layer bounded by two semi-infinite mediums of different densities and speeds of sounds. The normalized plane wave reflection coefficient for single reflection can be modified to express the inverse Laplace transform in terms of simple branch integrals ink plane. It is important to note that the real exponent of the terms involved in the expression contributed in the development of inverse Laplace transform. The solution addresses the case when magnitude of the normalized speed of sound is less than unity andĉ m is real. Results obtained for single reflection case can be superimposed to obtained the total reflected pressure.
